In this work we derived a rotating and non-linear magnetic-charged black hole surrounded by quintessence using the Newman-Janis algorithm. Considering the state parameter ωq = −3/2, we studied the event horizons, the ergosphere, and the ZAMO. We found that the existence of the outer horizon is constrained by the values of the charge Q. Furthermore, we found that the ergoregion increases when both the charge Q and the spin parameter a are increased. On the other hand, regarding equatorial circular orbits, we studied the limit given by the static radius on the existence of circular geodesics, the photon circular geodesics, and the innermost stable circular orbits (ISCO). We show that photon circular orbits do not depend strongly on Q, and rISCO is constrained by the values of charge.
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I. INTRODUCTION
Nowadays, the Standard Model of Cosmology (SMC) is the best theory available for the description of the Universe. It is based on two fundamental ingredients: the standard model of particle physics, and the general theory of relativity [1] . The success of the SMC lies on the fact that it agrees with three observational pillars in cosmology: the Hubble's law, the primordial abundances of light elements (Big Bang nucleosynthesis), and the cosmic microwave background: "the black body radiation left over from the first few hundred thousand years" [2] . Nevertheless, the SMC faces some problems if it is based only on these two fundamental ingredients [1] :
(i) According to the small angular anisotropies detected in the CMB [3] , different parts of the sky were causally connected at the time of the last scattering. Nevertheless, this is not what one would expect from the Friedmann equations if we consider a universe dominated by matter or radiation. This is known as the horizon problem.
(ii) In the case of usual matter, Friedmann equations show that a strong departure from flatness is developed by time. Nevertheless, observations indicate that the universe is close to the geometrically flat case. As a result, the universe must be extremely fine-tuned to a flat one at the very beginning creating the so-called flatness problem.
(iii) A mechanism to generate primordial inhomogeneities at cosmological scales is needed. These inhomogeneities are the seeds of future galaxies.
(iv) Finally, beyond the framework of the standard model of particle physics, the formation of dangerous relics are expected at early times. These relics, * abgcarlos17@fudan.edu.cn † ahmadjon@fudan.edu.cn ‡ Corresponding author: bambi@fudan.edu.cn in the form of heavy particles or topological defects, would force the universe to recollapse too soon.
Inflation is one way to solve the problems of the horizon, flatness and dangerous relics. This idea was suggested by Kazanas and Starobinsky (1979) , and Guth (1981) [4] [5] [6] [7] . In this scenario, if the universe is supercooled to temperatures below the critical temperature for some phase transition in its early history, then a huge expansion factor would result from a period of exponential growth. This paradigm, according to Guth, is completely natural in the context of grand unified models of elementary particle interactions [6] . However, since the concrete mechanism of inflation suggested by Guth was not realistic, it became necessary to suggest a new inflationary model. In this sense, by introducing a dynamical inflation field, responsible for the exponential expansion of the universe, Linde and, independently, Albrecht and Steinhardt were able to solve this problem [8, 9] . Now many different scenarios of inflation are worked out and there is common agreement that a sufficiently long period of inflation could solve all the four problems mentioned above [1] .
On the other hand, observations suggest that only 5% of the Universe is made of protons and neutrons, while 25% seems to be made of some weakly interactive particles known as dark matter. The remaining 70% seems to be a uniformly distributed hypothetical fluid with an unusual equation of state p ≈ −ρ (where p is the pressure and ρ is the energy density). Scientists believe, based on the observation of the luminosity distances of type-I supernovae [10, 11] that the current acceleration is an effect of this hypothetical fluid [12] . This substance is known as dark energy and recent models suggest two possibilities for it: the cosmological constant [13] [14] [15] [16] , and the quintessence [17] [18] [19] [20] [21] [22] .
The quintessence is a scalar field with the state parameter ω q in the range −1 ≤ ω q ≤ −1/3, where the case ω q = −1 covers the cosmological constant term [23] . In the case of black holes, for example, the quintessence perturbs the black hole background metric and also modifies the curves of space-time around the singularity. Moreover, cosmological horizons exist in the space-time of black holes or other compact objects immersed in this kind of scalar field. The quintessence scenario can be realized in large variety of models: scalar field in modified f (R) gravity, string-like cosmology, k-essence, extra dimensions, braneworld models [24] .
Interesting work considering the quintessence scenario has been done. In reference [23] , for example, the general solutions to the spherically symmetric Einstein equations describing the Schwarzschild black hole surrounded by dark energy, in the form of a quintessential field, was found by Kiselev. Using this approach he was able to explain the asymptotic behaviour of the rotation curves in spiral galaxies. Furthermore, in reference [25] , the same author presents a new static spherically symmetric exact solutions of the Einstein field equations for quintessential matter surrounding a black hole (charged or uncharged) and discusses the case in which
On the other hand, and motivated by the importance of the geodesic structure in a space-time surrounded by quintessence, a detailed study of the photon trajectories was done in reference [26] . In [26] the authors obtained an exact solution for the trajectories in terms of the Jacobi elliptic integrals. A study of the motion and collision of particles in the gravitational field of rotating black hole immersed in quintessential dark energy was done in reference [27] . The authors of Ref. [27] focus on the acceleration of particles due to collisional processes and show how the centre of mass energy depends on the quintessential field parameter C. They also study the dependence of the maximal value of the efficiency of energy extraction through the Penrose process for rotating black holes with quintessential field parameter C. The authors found that the quintessence field decreases the energy extraction efficiency through the Penrose process and when the parameter C vanish it is possible to obtain the standard value of the efficiency coefficient for the Kerr black hole.
In reference [28] , the shadow of a rotating black hole with quintessential energy was studied in vacuum, and in the presence of plasma. In [28] the authors found that, in the vacuum case, the quintessential parameter changes the shape of the shadow considerably. On the other hand, in the case of a quintessence black hole surrounded by plasma, the shape of the shadow depends on the plasma parameters, black hole spin, and the quintessential field parameter. However, for larger values of the quintessential field parameter, the shape of the shadow does not change significantly.
In this paper, we study a rotating and non-linear magnetic-charged black hole surrounded by quintessence.
The manuscript is organized as follow. In section II, we review the geometry of quintessential rotating black holes discussed in reference [24] . Then, in section III, we obtain the rotating solution of a non-linear magnetic-charger black hole surrounded by quintessence. In section IV, we consider the case w q = −2/3 and study the event horizon, the ergosphere, and the angular velocity of a zero angular momentum observer (ZAMO). Finally, in section V, we study the equatorial circular orbits, the static radius, the photon circular orbits, and the innermost stable circular orbits (ISCO).
Along the manuscript geometrized units (G = 1 and c = 1) and the signature (− + ++) were used. Moreover, we set the mass of the black hole M = 1 for all the figures and calculations.
II. QUINTESSENTIAL ROTATING BLACK HOLE SOLUTIONS
The Newman-Janis algorithm (NJA) is used to obtain rotating space-times from a spherically symmetric background without solving Einstein's field equations. This mathematical idea was first proposed by E. T. Newman and A. I. Janis in 1965 [29] . Using this "curious derivation", they were able to obtain Kerr's metric by performing a complex coordinate transformation on the Schwarzschild line element [29] . The key point behind the NJA lies on the fact that the contravariant tensor g µν , expressed in Eddington-Finkelstein (EF) coordinates, can be defined in terms of a null tetrad.
In this section, we review the modified algorithm used in [24] to obtain the rotating solution of a black hole with quintessence energy. This algorithm can be divided into three important steps. First, it is important to transform the spherically symmetric line element from the Boyer-Lindquist (BL) to Eddington-Finkelstein (EF) coordinates. Then, since the contravariant components of the metric tensor can be expressed by a null tetrad, the next step is to perform a complex coordinate transformation. This transformation enables us to obtain the form of the contravariant tensor g µν in terms of the tetrad. Finally, once the contravariant components of the metric are obtained, we turn back from EF to BL coordinates. This transformation involves two functions of r: λ(r) and χ(r). These functions can be found under the condition that all non-diagonal components of the metric, with the exception of g tφ , vanish.
A spherically symmetric space-time, expressed in Boyer-Lindquist (BL) coordinates (t, r, θ, φ), can be described by the line element [24] 
where
Hence, after using the coordinate transformation
the line element in equation (1) takes the form
The last expression is just the line element (1) expressed in EF coordinates (u, r, θ, φ).
As mentioned above, the contravariant tensor g µν , obtained from the line element in equation (4), can be expressed in terms of the null tetrad by the following relations [24] 
Note that the vectors l µ and n µ are real, while m µ is a complex vector. Furthermore, we use the notation in which m µ is the complex conjugate of m µ . These vectors satisfy the orthogonality and isotropic conditions [24, 29] 
and
respectively. Now, from equation (5), it is possible to consider a complex transformation, not of the line element (4), but of the tetrad in equation (6) . Thus, after using the transformation [24] u → u − ia cos θ, r → r + ia cos θ,
the tetrad in equation (6) takes the form
Here it is assumed that the functions f , g, h have changed to F , G, and Σ respectively (see [24] for details). Therefore, these functions depend on r, a, and θ. Hence, with the help of equation (5), the contravariant components of the metric tensor in the new coordinate system are
and the covariant components of the metric tensor, which can be calculated using the relation
are g uu = −F,
Then, we come back from the EF coordinates to BL coordinates by using the following transformations
Where the functions λ(r) and χ(r) can be found using the fact in which all non-diagonal components of the metric tensor, except the coefficient g tφ (g φt ), are equal to zero. Therefore, we obtain that
with
Finally, the rotating version of the spherically symmetric line element in equation (1) is
(18) where we have removed the tilde on φ.
III. ROTATING AND NON-LINEAR MAGNETIC CHARGED BLACK HOLE SOLUTION
The non-linear magnetic charged black hole surrounded by quintessence was obtained in reference [41] by considering Einstein gravity coupled to a non-linear electromagnetic field. It is described by the following equations
Where L(F ) is a function of the invariant F µν F µν /4 ≡ F , and F µν is the electromagnetic tensor defined by
In order to obtain the solution, the author considered the energy density of the quintessence given by
Here C is the positive normalization factor (from now on the quintessence parameter) and ω q is the quintessential state parameter; which is constrained to the interval
The solution, in BL coordinates, is given by the line element
Note that for C = 0 the line element (24) reduces to the Hayward-Like black hole [42] ; for Q = 0 the metric reduces to the Schwarzschild solution surrounded by quintessence [25] . For C = 0, Q = 0 it reduces to the Schwarzschild black hole.
The rotating solution is obtained by using Eq. (18) . In our case, we have that
Thus, the line element (18) takes the form
where We set a = 0.1 and M = 1.
IV. ROTATING BLACK HOLE WITH THE
In this section, we focus our attention to the case in which ω q = −2/3. Hence, after substitution, the line element in equation (27) reduces to
For Q = 0 the metric reduces to the Kerr solution surrounded by quintessence [24] . When a = 0, we obtain the non-linear charger magnetic black hole obtained in reference [41] . Finally, for C = 0, Q = 0 and a = 0 Eq. (27) reduces to the Schwarzschild black hole. Now, we study the behaviour of the event horizon, the ergosphere, and the ZAMO.
A. Event horizons
To compute the even horizons we use the condition g rr = 0. Therefore, for the line element (27) , we obtain
from which Hence, equation (32) can be expressed as
This equation cannot be solved analytically but numerically. Therefore, in order to find the roots of equation (33), we set a = 0.1 and considered different values of the quintessential parameter C. Then, for different values of Q in the interval 0 ≤ Q ≤ 1, we compute the roots. We found three real roots: r − , r + and r q , which represent the inner and outer black hole horizons, and the quintessential cosmological horizon respectively. Table I shows the values of the inner, outer, and quintessential horizon for different values of Q and C. From the Table I , we see that r − and r q increase while r + decreases as Q increases. On the other hand, for fixed values of Q, the quintessential horizon r q decrease while r + increase as C increases. In contrast with the inner horizon, the outer horizon r + decreases when the charge Q increases. Furthermore, the bigger the values of C, the bigger the values of the outer radius. In Fig. 2 , we plotted the outer radius r + as a function of the spin parameter a for different values of Q and C. The values of r + decreases as Q and a increases.
On the other hand, Fig. 3 shows the quintessential cosmological horizon as a function of the charge Q for different values of C. The behaviour is quite similar between figures: r q increases as the charge Q increases. Note that the changes in the quintessential horizon are of order 10 −6 (C = 0.01) and 10 −5 (C = 0.02 and C = 0.03) (see Table I for details). The value of r q is bigger for small values of C. For example, for C = 0.01 the value of the quintessential radius is of order r q = 97.9584 while for C = 0.03 the value is r q = 31.1966. As can be seen clearly from Fig. 3 a and  c. 
B. Ergosphere
The ergosphere is a region located between the event horizon and the static limit surface, which is defined by the equation [24] g tt (r st , θ) = 1 − 2ρr st Σ = 0.
Using the second and third equations in (30) , we obtain
a. 
Note that, as in the case of Kerr black hole, at the equatorial plane r st does not depend on the rotation parameter a (see Fig. 4 a, b and c). After factorization, equation (36) can be reduced to
In the polar caps (θ = 0, π), equation (35) reduces to
Note that the equations governing the event horizon and the ergosphere, equations (33) and (38) respectively, coincide at the polar caps. In agreement with the result obtained in [24] .
In Fig. 4 we plot the shape and size of the horizon and the ergosphere. When the spin parameter a is increased, while keeping constant the charge Q and the quintessence parameter C, the radius of the event horizon decreases and the area of the ergo-region increases. Similar behaviour is observed when the charge Q is increased while keeping constant the spin and quintessence parameters.
Nevertheless, the increment of the ergo-region is stronger in the first case: when the spin parameter a is increased. On the other hand, from Figs. 4 d, e and f, we conclude that the ergosphere radius does depend on the charge Q in the equatorial plane.
C. ZAMO
The geodesic motion of a particle on a space-time with metric g µν is governed by the Lagrangian [43] 
where the dot denotes the total derivative with respect to an affine parameter.
In equation (27) , the components of the metric does not depend on the coordinates t and φ. Therefore, two constants of motion are obtained: the specific energy E, and the axial component of the specific angular momentum L z . Hence, after using the Euler-Lagrange equa- 
In contrast with Newtonian gravity, where the angular momentum of a spinning object has no gravitational effect, in general relativity, the angular momentum alters the geometry of the space-time. In consequence, it is possible for a test-particle to have a non-vanishing angular velocity even if its specific angular momentum L z vanishes [43] . This effect, known as dragging, can be obtained from the second equation in (40) after setting L z = 0.
The angular velocity of a zero angular momentum observer (ZAMO) is defined by [44] 
Thus, using the line element (27) , we obtain that
In the last step, we used the relation 2ρr = r 2 + a 2 − ∆ in the denominator. At the horizon r h , where ∆ = 0, the ZAMO can be obtained by
Note that r h can be the inner, outer, or quintessential horizon.
In Fig. 5a and Fig. 5b it is plotted ω + as a function of Q and r + , respectively. From the figures, we see that ω + = ω(r + ) increases as the charge increases, while it decreases as r + increases. Note that the change in ω + is small in both cases.
V. EQUATORIAL CIRCULAR ORBITS
In equation (39) we introduced the Lagrangian
Now, using the components of the metric tensor in equation (27) and considering the geodesic motion of a test particle in the equatorial plane (θ = π/2), the Lagrangian reduces to
We have mentioned that the line element in equation (27) has two conserved quantities: the specific energy E, and the axial component of the specific angular momentum L z . In this sense, the equations of motion are given by [27, 43] On the other hand, the Hamiltonian
can be expressed in terms of the metric components as [27] 
where is equal to −1, 0, or 1 for time-like, light-like, and space-like geodesics, respectively.
Let's consider the first and second equations in (46). From the first equation, we have thaṫ
then, replacing in the second equation of (46), we obtaiṅ
from which, after substitution in equation (49), we obtaiṅ
Now, replacing equations (50) and (51) in equation (48) and considering particles moving along time-like geodesics ( = −1), we obtain [43] 
According to equation (52), the effective potential is given by
In the equatorial plane, circular orbits are located at the zeros and turning points of the effective potential. This means thatṙ =θ = 0 from which V ef f = 0, andr =θ = 0 which requires that ∂ r V ef f = 0 and ∂ θ V ef f = 0, respectively. In this sense, we need to find the specific energy E and the axial component of the specific angular momentum L z . In order to do so, we follow reference [43] .
The geodesic equation
where τ is an affine parameter, can be written in the form
The radial component is given by the relation
since we are interested in equatorial circular orbits (ṙ = θ =r = 0), the last expression reduces to 0 = ∂ r g ttṫ 2 + 2∂ r g φtφṫ + ∂ r g φφφ 2 .
(57) a. Now, dividing byṫ 2 we obtain
where Ω =φ/ṫ is the angular velocity. Equation (58) is a quadratic equation with solution
According to equation (59), we have two possible orbits in the equatorial plane: co-rotating orbits (Ω + ), where the angular momentum is parallel to the spin of the central object; and the counter-rotating orbits (Ω − ), with the angular momentum anti-parallel to the spin of the central object.
The specific energy and angular momentum in equation (46) can be expressed as
Now, form g µνẋ µẋν = −1 withṙ =θ = 0, we have that
from which, after using Ω =φ/ṫ, we obtain thaṫ
Therefore, in the equatorial plane, the specific energy and angular momentum in equation (60) reduces to [43] 
Where we use equation (59). Thus, after using the metric components, the specific energy and the angular momen-tum reduces to [24] 
(64) Here, ( ) means the derivative with respect to r. The sings + and − stand for the co-rotating and counterrotating particle orbits, respectively. In Figs. 6-8 we plotted, respectively, the effective potential, and the specific energy and angular momentum of the co-rotating and counter-rotating circular orbits as a function of the radius for different values of the spin parameter a and the quintessence parameter C. From  Fig. 7 co-rotating test particles (those with E + ) are able to move along circular orbits that are closer to the black hole having small energy when the spin parameter is increased. The reason for such a behaviour lies in the fact that the radius of the event horizon decreases when the spin parameter of the black hole increases; as we have shown in Fig. 4.a, b , and c. On the other hand, counter-rotating particles are allowed to move far from the horizon with greater specific energy than the co-rotating particles.
A. Static radius giving limit on the existence of circular geodesics
According to equation (64), the specific energy E ± will take real values if the condition [24] 
is satisfied. Hence, equation (65) constrain the radius of the circular orbits to those values satisfying a relation of the form r ≤ r C , where r C is the static radius at which the test particle can be located at an unstableequilibrium position. It was shown in [24] that at this point, the gravitational attraction of the black hole is just balanced by the cosmic repulsion due to the quintessential field .
In the case of the line element (27) the condition in equation (65) reduces to
Note that equation (66) reduces to the condition
when Q = 0 (see equation (82) in reference [24] ). Moreover, it is also important to point out that the condition in equation (66) is independent of a.
In Table II we show the static radius r C for different values of C and Q. From the table, it is possible to see that, for constant values of the charge Q, the static radius decreases as the quintessence parameter C increases. On the other hand, for constant values of the quintessence parameter C, the static radius increases when the charge Q decreases but not significantly. For example, when C = 0.0005 the value of r C changes from 63.2456 to 63.2451, when the charge Q goes from 0.1 to 1, respectively.
B. Photon circular geodesics
According to equation (63), E and L z diverge when
It is known that this happens at the radius of the photon orbit r γ . It is usual to find circular orbits for r > r γ but not for r < r γ . In such a case, the radius of the photon orbit is the equatorial circular orbit with the smallest radius for both massless and massive particles. In this sense, massive particles can reach the photon orbit in the limit of infinite specific energy E. However, in some particular space-times, such as quintessence space-time, circular orbits with r < r γ may exist, and it is also possible the presence of two or more photon orbits [43] .
From equation (64), we find that r γ is given by the condition 
In order to study the behaviour of r γ , we consider the case in which Q 1. Therefore, equation (70) reduces to
In Table III we show the behaviour of r γ for different values of the spin and quintessence parameters in the limit Q << 1. According to the table, when the spin a is constant and the quintessence parameter C increases, the photon radius r γ2 increases while r γ3 decreases. On the other hand, for fixed values of the quintessence parameter C, r γ2 decreases and r γ3 increases when the spin parameter increases.
C. Innermost Stable Circular Orbits (ISCO)
The radius of the innermost stable circular orbit (ISCO) r ISCO is defined by [43] 
Since the equatorial circular orbits at r < r ISCO are unstable, in the Novikov-Thorne model for thin accretion disks the inner edge of the disk is assumed at the ISCO radius [43] .
In Fig. 9 we plot r ISCO as a function of the spin parameter a for different values of Q when the quintessence parameter takes the values C = 0.001, 0.002 and 0.003. According to the figure, r ISCO decreases as the spin a parameter increases. Note that the difference is bigger for small values of the spin parameter a. A similar effect is obtained when Q is increased. Moreover, the r ISCO increases as the value of the quintessence parameter C increases. On the other hand, as Fig.9c shows, there are two regions (outside the event horizon r + ) where the innermost stable circular orbits may exist. This feature, according to the figure, starts when the value of the spin parameter a = 0.589 and ends at a = 0.671 (approximately). For values of a greater than 0.671 the existence of r ISCO is not possible.
VI. CONCLUSION
In this work we have obtained the rotating solution of a non-linear magnetic-charged black hole surrounded by quintessence using a modified version of the NJA discussed in reference [24] . In section IV, using ω q = −2/3, we studied the behavior of the event horizon, the ergosphere, and the ZAMO for different values of the charge Q, the spin parameter a and the quintessence parameter C. In the case of the event horizons, we solved equation (33) numerically and found three solutions: the inner, outer, and quintessence horizons. According to the results shown in table I, for constant values of the quintessence parameter C and a = 0.1, the outer horizon r + decreases as the charge Q increases, while for constant values of Q and a = 0.1, the outer radius increases as C increases.
On the other hand, according to Fig. 2 , we found that the existence of the outer horizon r + is constrained by the values of the charge Q. For example, in Fig. 2a (when Q = 0.03), we see that r + exists in the intervals: 0 ≤ a ≤ 0.875 (C = 0.01), 0 ≤ a ≤ 0.9 (C = 0.02), and 0 ≤ a ≤ 0.975 (C = 0.03) approximately. However, when Q = 0.09 (see Fig. 2b ), r + exists in the intervals: 0 ≤ a ≤ 0.775, 0 ≤ a < 0.8, and 0 ≤ a < 0.825 for C = 0.01, C = 0.02, and C = 0.03 respectively. In this sense, if we change the charge Q the outer horizon will be constrained to different intervals. Therefore, we conclude that r + strongly depends on the charge Q, the spin parameter a, and the quintessence parameter C.
In the same way, we found that shape and size of the horizon and the ergosphere depend on the charge Q, the spin parameter a, and the quintessence parameter C. According to Fig. 4 , when the spin parameter a is increased, we found that the radius of the event horizon decreases and the area of the ergo-region increases. A similar behaviour was observed when the charge Q was increased. In addition, by comparing Figs. 4a, b ,and c with Figs. 4d, e, and f, we conclude that the increment of the ergo-region was greater when we increased the spin parameter a. On the other hand, we found that the ergosphere radius does depend on the charge Q at the equatorial plane (see Figs. 4 d, e and f) but does not depend on the spin parameter (see Figs.4a, b and c) when the spin parameter and the charge are keeping constant respectively. The last result agrees with that obtained in [24] .
In section V, we studied the effective potential, and the specific energy and angular momentum of the co-rotating and counter-rotating circular orbits. We found that co-rotating test particles (those with E + ) are able to move along circular orbits that are closer to the black hole having small energy when the spin parameter is increased (see Figs. 7a, b, and c) . This is due to the dependence of r + on the charge and the spin parameter as we have shown in Fig. 4.a, b , and c. On the other hand, we found that counter-rotating particles are allowed to move far from the horizon with greater specific energy than the co-rotating particles.
In this work we also found that the photon circular orbits do not depend strongly on the charge Q. The contribution in equation (70) due to the charge is small a. even if we consider the interval 0 ≤ Q < 1. Therefore, equation (71) is in agreement with the limit imposed by the static radius r C . This can be seen easily when comparing Tables II and III for C = 0.003.
Finally, we found that the innermost stable circular orbits are constrained to the values of the charge Q. For example, for Q = 0.03, Fig. 9 shows that r ISCO exists only for values of a less than 0.95. When Q = 0.9, we see that r ISCO exists for values of the spin parameter less than 0.7. Moreover, the r ISCO increases as the value of the quintessence parameter C increases keeping the constrain (approximately) with the spin parameter a.
